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THE ASYMPTOTIC THEORY OF
THERMOELASTIC BEAMS

A. G. Kolpakov UDC 539.3

The investigation of problems in thin regions leads to lower-dimensional problems: in regions with a
small thickness, to plate theories [1-3]; and in small-diameter regions, to beam theories [4-6]. An analogue
of the averaging method [7-8] is applicable in this situation. The peculiarities of the problems are clarified
in studying the cell problem (which is insufficiently studied in terms of the purely mathematical theory). An
analysis of the problem indicates the significant influence of the microstucture on the macroscopic properties
of beams and establishes their interrelation. An asymptotic analysis of the thermoelastic problem in a small-
diameter region is carried out in this paper. The thermoelastic problem was studied earlier for monolithic
composites [9-14] and for for plates [15-17]. ,

Statement of the Problem. Let a linear thermoelastic material occupy a region . C R® obtained
by periodic repetition of a periodicity cell (PC) P. along the Oz, axis (see Fig. 1). The PC P, is obtained
by homothetic compression with a coefficient ¢ of some e-independent cell Pi; as a result, the geometric
dimensions of P. remain unchanged as ¢ is varied. The cell P; has congruent lateral faces, parallel to the
plane Oy2y3, and a piecewise smooth free boundary 4 (the last property is immediately extended to the
boundary P: of the PC and the boundary of ().). Otherwise, the cell P is rather arbitrary; in particular, it
can be multi-connected (for example, in farms).

The equilibrium equations for this three-dimensional body with fixed lateral faces (see Fig. 1) have the
form [18]

- /afjv,’,j dx + /(s"’zg)v dx = /(e'zf)v dx (1)
Te

Q: &

for any v € V(Q) = {v € H(Q) : v(x) = 0 at z; = £1}. For the definition of H! see, for example, [19].

Here of; are the local stresses related to the local displacements u® by the Duhamel-Neumann law [18]:

of; = e tagu(x/e)ug, + e B (x/e)d, 2)

where 6 is temperature (we assume it to be a smooth known function); and {a;jzi} is the tensor of elastic
constants; {8} is the tensor of thermoelastic constants; and Bi; = ¢ ~*a;juax ({ax} are the coefficients of
thermal expansion).

Remark 1 (the choice of orders). Orders are chosen under the asumption that in the limit ¢ — 0,
the beam has nonzero stiffness and the forces are not equal to zero: the volume and surface forces are of
order €72, and elastic constants are of order £~%. The problem of orders is of prime importance. Thus, the
classical thermoelastic relations have been derived in [15, 16] for plates with thermal expansion coefficients
of order €. This choice of orders excludes the usual axial elongation. In our case. with the choice of §;; of
order ¢~* (correspondingly, c;; is of the order of one) this elongation is taken into account, but to equilibrate
arising moments, the beam deflections have to be of order £~1. The functions f(x) and g(x) are considered
independent of €.
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Fig. 1

The periodicity of the beam microstructure is taken into account by the fact that the functions
aijki(x/€) and Bij(x/e) are periodic in z; with period em ([0,em] is the projection of the PC onto the
axis Oz1).

Asymptotic Expansion. The asymptotic expansion has the form:
for the displacements:

u® = e~ ul ) (a1)eq — yawl 1) (z1)er + e Mygspese (@) +u®(z1) + euWD(zry) ... ()
[ﬂ~=2atﬂ=3, B=3atf=2 s =0 s3=1, s3=-1 (B=2,3)};

for the test function:
v=vO(z) +evD(z1,y) +...;

for the stresses:

Ufj = 5—40'53‘_4)(331,)’) + 6_30,(]-_3)(3:1,y) +...,

where 71 € [—1,1] is a slow variable and y = x/e are fast variables 7, 8]; and {e;} is the sth basis vector of
the standard rectangular system of coordinates. The functions on the right-hand sides of (3) are assumed to
be periodic in y; with period m. Note that the first three terms in (3) correspond to the local problems of
bending and torsion of a beam (see below). Here and below, the Greek indices take on values 2 and 3 and the
Latin ones takes values 1, 2, 3.

The operator of differentiation 8/dz; for functions of the form f(z1,y) can be written as

A By

2 2 (a=23) 4
a.‘lll Te ayl’ € aya (a ) ( )
After using (4), from (1), we obtain
/(O‘fjé’_l’vi,]‘y + o§viig) dx + /s"zgv dx = /s_zfv dx. (5)
Qe Te Qe

Here and below, we use the notation ,jy = 8/0y, and ,1z = 8/0z.
We change the variables in (5):

X — z = (z1,Y2,y3) = (21, 22/, T3/€).
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Then
e? /(Uij—lv,‘,]‘y + ofviiz)dz + /gvdz = /fvdz, (6)
0, r

where (1 and T’y are the regions obtained from (2, and I'. by increasing their cross section by a factor of ¢~!
(the diameters of ) and I'y are of the order of one). Substitution of (3) into (6) yields

Z Z / emt=15(m)K) | pmtk g (m) fﬁl)dﬂz /5 gv k)dz—z / vz, (1)
k=0 m=—4 € k=0 I, k=0 2,

After substituting (3) into the Duhamel-Neumann law and equating expressions with equal powers of
€, we obtain

(m) _

0,
aij = az]kl(x/e)uk Jdy +5) + ai5k1 (x/s)uk 1z e + { —4)(x/6)9 at m = —4. (8)
Here and below in sums m = —4,-3,..., k=0,1,....
It is necessary to take into account that
e Haijare ™ w12 (21) = aij1ae T (Yol (21)) 0] = € P asjar — aijial = 0,

e e aiu(spyzepe(21)) ] = € laijs — aijza] = 0

by virtue of the symmetry of the elastic constants [18]. It follows from these equalities that terms of order ¢~°
do not appear in the expansion of stresses (3)

Derivation of Equilibrium Equations. The principal aim of this paper is to get a boundary value
problem for functions appearing in the asymptotic expansion (3). To do so, we consider problem (7), (8) for
some choice of k, m and a special choice of the test function v.

Remark 2. We introduce the notation

(= %/f(y) dy — the mean value P; of the PC in fast variables,
Py

(fiy = -—;— / f(y) dy — the mean value P; on the lateral surface v of the PC .
4

The following relations hold as ¢ — 0:

/f z1,Y dz—>/ Wz1) dzq, /f(xl,y)dze/](f)-,(xl)dxl.
=1

n

Let k = 0 [i.e., we assume that in (3) vi¥) = 0 for £ =1,2,... which is possible by virtue of the arbitrariness
of {v(®)}]. For these k and v, it follows from (7) that

Z /s a(m) (0) dz+/gv(°) dz = /fv(o) dz.
T Q

m=—4

We introduce the quantaties Ni(;") = (ag")) (with the meaning of axial moments [5]) and Ml-(;n ) =
)
( (m

Ya0y; ') (which have the meaning of bending moments). In the above notation, using Remark 2 and equating
terms with identical nonpositive powers of ¢ in the last equality, we get

1

NG =0, NS =0, NED =g+ (fi). 9)
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We set in (7) k = 1 (i.e.. all summands in expression (3) for the test function v are equal to zero,
except for v(1)) and choose v{1) as

vU(z1,y) = yava(z1) + y3va(z1). (10)

Here v3,v3 € C}([—1,1]) and va(£1) = v3(x1) = 0. With this choice of k and v, Eq. (7) takes the form

Z /{ Mol U’ 5"] + 03153]) m+l ( )(yZUZz 1z + Y3v3s, lz)}dz
m=-4 Ql

+ /g(yzvz + y3v3)dz = /f(y2V2 + y3v3)dz. (1)
rl Ql

Making use of Remark 2 and equating expressions with identical nonpositive powers of ¢, from (11), we obtain

N(—4) 0, —mY + N~(_3) =0 for m = —4;

at,lz
_jwéz 1r T N( D= <glya) (fiy::) for m = -3

(=2, 3). Relations (9), (12), and (13) are the equilibrium eqautions of a one-dimensional beam.
Derivation of Governing Relations. Let us now establish relations between the forces and moments
introduced above and the strain characteristics of a beam. Note that the main peculiarities of problems in
thin regions become more pronounced in derivation of limiting governing relations [1-6].
We set k = 1, m = —4 and choose the test function in the form v = ev(U)(y) [the other v{¥) in (3) are
equal to zero|. For v thus chosen, from (7), we obtain the problem

(13)

)
lj}y =0

o4

in Ql, 1]

n; =0 onl}y, (14)

where n is the normal to the lateral surface of the region ;.

We make use_of relation (8) for m = —4. Substituting it into (14) with allowance for (3) yields the
equation

(s (¥)uly, + aijpr (v)ully (21) + aijta(y)wl s
Fspayga(y )Y(lr)(ml)-i'ﬁ( J(3)8(21)).jy =0 in O (15)

with the boundary condition
. (1) .. (0) y (-1)
(ailkl(y)uk,ly + aijp1 (Y)up lz(xl) + a'ﬂa(y)wa,lzlz(xl)
+ 560,05(0)2'5 (@1) + BT ) (¥)0(@1))nj =0 o Ty (16)

and the requirement of periodicity: u(l)(r-l,y) is a periodic function of y; of period m. By I'; is denoted the
lateral surface of PC € (see Fig. 1).
In the problem in variable y, functions of z1 play the role of parameters {1, 19]. In view of this, problem
(15), (16) leads to the cell problems (CPr) of beam theory. Here appear problems corresponding to torsion
and thermal deformations, which are new compared to CPr for monolithic composites (7, 8] and plates {1, 2}.
We now introduce the function X'?(y) as a solution of “the first elastic CPr of beam theory”

(aik (V) Xy + @i (V) jy =0 in P, (aiiu(y)Xgh, + aijp(y))n; =0 on vy (17)

(X! is a periodic function of y; of period m, (X'?) = 0).
We introduce the function X*(y) as a solution of the “CPr of beam torsion”

(aij(¥) XE 1y + aijpn()spy3) 5y =0 in P, (aiju(y) XR gy + aijpr(¥)spyg)ni =0 ony  (18)

759



X3(y) is a periodic function of y; with period m, (X3) = 0].
p
We introduce the function F(y) as solution of “the first thermoelastic PC of beam theory”:

(aijki(y)Frpy + ﬂ,(]'_4)(Y)),jy =0 inP, (ayu(y)Fry+ ﬁ,(,-_4)(Y))7lj =0 on~y (19)
[F(y) is a periodic function of y; with period m, (F) = 0].
By virtue of the linearity of problem (15), (16) and the remark on functions of z;, the solution of (15),
(16) can be represented as a linear combination of solutions of CPr (17)-(19) in the form

u® = XP(y)up, (a1) + X2 (y)wl 1) (21) + F(y)0(a1) + X)) (21) + Ula). (20)

U(z;) appear in (20) because (15), (16) contain only derivatives with respect to y.
Some part of solutions of CPr (17) is found in an explicit way, namely [3]:

X (y) = —b1kya (@ =2,3). (21)

Note that (20) is a particular solution of the problem (15) and (16). This distinguishes the problem
for a beam from the problem for a plate. To derive the general solution of (15) and (16), we consider a
homogeneous problem corresponding to (15) and (16).

(@ijr(¥) Xk )iy =0 in P,  ajr(y)Xeyn; =0 ony

[X(y) is a periodic function of y; with period m, (X) = 0].
The solution of this problem is X = yﬁsﬁeﬂ(p(x]) for any function ¢(z1). Indeed,

aijki(yspepp(x1))kty = (aijzs — aijz2)p(21) =0, (22)

since by virtue of the symmetry of elastic constants [18], ajj23 = aij32. Note that, in the absence of this
symmetry, the situation is radically changed [20-23]}.

As is seen, the solution of the homogeneous CPr introduces formally one more degree of freedom — the
torsion of a beam. For monolithic composites and plates, the solution of the homogeneous problem is equal
to zero [1, 7).

Taking into account the previous results, the general solution of the problem (15), (16) is the sum of
(20) and of the solution of the homogeneous problem and can be written in the coordinate form

ul) = Xy, (21) = yaul® (21) + X2 ()l (1) + Fu(y)8(z1) + X3 ()50 (@1) + Vi),

_ 3 (23)
) = X3 )l (21)+ Fa(1)8(z1)+ X3 ()l (21) + X3P 0 (1) +y3850(21) + Us(1)-
Substituting (23) into (8) for the case m = —4, after calculations, we get
o5 = aim )l (21) + aiju) XLy 0)ul e (21) + a;55(0)ss0(21) + aiju(y) Fy (v)8(1)
+850(¥)8(z1) + aijta(y)wl e (1) + aiiu() X ()wiTha(21)
+ ;555035895 (21) + i (¥) X1, (V)05 (21)- (24)

Integrating first (24) and then (24) multiplied by yg (taking into account that in this procedure
functions of z1 behave as parameters), we get, for isotropic materials,
N1(1—4) Au go%z + A% w7 +B?19+111F(fz1)-

a,lziz

(25)
MGV = ARO), + AR, + BLo+ Jise

iBaWa, izl
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(a;,53 = 0 for isotropic materials (18]). Here
AR ={ajn(y) + a0 X, (1)) A = (ig1aly) + aisu(y) X{%,(¥)),
Al = ((ain(y) + aigu(¥) X85 (M)vs),  Alde = ((ain1a(y) + ai(y) X25,(¥))vs),
BY = 3700) + aiuFen ), Blp = (850 + anuily) Feay(v))ws),
Lij = (aiuly X2 ), Jip = {aan(¥)XE 1, (¥)ys)-
The equilibrium equations for determining ug ), w§™Y , ("1 are of the form [see (9), (12)]

Nf;ﬂ =0 (for axial forces),

M{;_? =0 (for bending moments), (27)

zlr —

M1z =0 (for the twisting moment)

(M = M2(3_4) M( %) is the torsion moment). To obtain the second equation from (24) it is neseccary to
differentiate (12) f01 ! = 1 and use (9). The third equation of (27) follows from (12) and from the equality
Né; 9= = Ny, (~3) , which is a consequence of the symmetry of the stress tensor.
Boundary conditions follow from expansion (2):

uP (1) = wiD(E1) = wD(F1) = D(£1) = 0. (28)

The solution of problem (27), (28) in the general case is not equal to zero, because of the presence of
thermoelastic terms.

Derivation of Higher-Order Terms of the Asymptotic Expansion. Setting s =1, m = -3 in
(7) and taking the test function as v = ev{!)(y), we get the problem

,(“33 =0 inf{Yy, US;S)n]_ = on I'y. (29)
For m = —3, Eq. (8) takes the form
0,(,-— V= aijkz()')ugf,z)y + aijkl(Y)ug,L- (30)

Substituting into (29) expressions (27) for u), we get

$9= aijkl()’)u(f)y + 4 X @)u 12 (21) = @i (9)yaullare(21) + i (¥)Fa(¥)012(21)

+aijir (YU 12(21) + 0,;55(Y)550,12(21) + @ijir (¥) X (¥)w C(e) + e X33 Gl(z). ()

Moreover,

g

u®(21.y) should be a periodic function of y; with period m, (u®) = . (32)

We introduce the function Y (y) as a solution of “the second PC of beam theory:”

(@im@)YE + e XP )y =0 i P,

\ (33)
(aijkl(Y)Y;c(ﬁ; + ()X Y)ni=0  on 4
(Y(”) is a periodic function of y; with period m, (Y(” )) = 0),
the function T(y) as the solution of “the second PC of thermoelastic beams”:
(@iju(¥)Thiy + ijr (V) Fe(¥))jy =0  in Py, (34)

(aijt1(¥)Thty + aijir(¥) Fa(y))nj =0 ony
(T is a periodic function of y; with period m, (T) = 0),
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the function Z(y) as a solution of “the second PC of beam torsion”:

(ai01(Y) Zigy + @i (V)X (¥) jy =0  in Py,

(35)
(aik(¥) Zrjy + ai ()X (¥))nj =0 on~y
(Z is a periodic function of y; with period m, (Z) = 0).
With the help of the PC (33)-(35) the solution of (29)-(31) can be written as
u® = X (y)Up12(21) = X2 ¥ )uihra(@1) + T(3)0,12(21)
+YO@ullra(en) + XM aa(e) + YOl (@) + 206 Gz, (36)

Substitution of (36) into (31) with allowance for (21) yields
U:{j—a) = (aijll(}’) + aijkl(y)X%}ly(Y))Ul,lz(131) - (aijll()')ya + aijkl(Y)X%,olty(Y))ugo,)lzlz(xl)

+ (@YD W) + @it ()X @)1 (21) + (@iu) YE)

+ s () XE )0l (1) + (a;555(0)38 + asjpa(¥)XE 1y (9012 (21)

+ (@50(Y) Zey(¥) + @i DXEW) e le(o1) + (@ MTRW) + @i (NFoe(er). (37)
Integrating (37) with respect to PC P;, we obtain

-3 - -
N = ARV, + A?iaug),)m: + Dmug?%m + Dllﬂwgz,lla? + ez + lefhll)r +Cubiz.  (38)
Multipling (37) by yg, setting j = 1, and integrating the resulting relation for P;, we find that

-3 0 0 -1 -
Mi( ) = AU 1 + A}ﬂlaug,)lzlz + diﬂlug,gzlz + diﬂawc(x, )+ Jigp 1z + giﬂsvfnl])x + ¢i50,12, (39)

where
Cij = (aiuTLL, + ain)Fe®);  Dijp = (aiu() YO ¥) + e X P (y));
Gij = (ai(¥) Zety(¥) + aim @) X2));  cis = (anWTL ) + @i (0 Fu()ys);
digp = (@MYL Y) + aanXP3ys);  gip = {(anu () Zkay(¥) + aim (1) X3(y))ys).

The solution of problem (25)-(28) allows us to compute the functions u§°) w$™ and =Y from

the asymptotic expansion (3). Thus, for displacements we get the expression u® = e'lw,(,_l)(xl)e,, -
yaw((;ll} (z1)e1 + 6"1y5~sﬁeﬁ¢("l) + ugo)el, where functions on the right-hand side are known (if the solution
of the limiting problem is known). The formal exactness of the limiting problem (25)-(28) is equal to ¢ for
displacements and e~3 for stresses.

Cell problems can be solved either numerically or with the help of special methods developed, for
example, in [15, 20-24].
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